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CANONICAL GENERAL RELATIVITY: THE DIFFEOMORPHISM 
CONSTRAINTS AND SPATIAL FRAME TRANSFORMATIONS 



M. A. CLAYTON 



Abstract. Einstein's general relativity with both metric and vielbein treated as independent 
fields is considered, demonstrating the existence of a consistent variational principle and de- 
QO ' riving a Hamiltonian formalism that treats the spatial metric and spatial vielbein as canonical 

, coordinates. This results in a Hamiltonian in standard form that consists of Hamiltonian and 

0^ ' momentum constraints as well as constraints that generate spatial frame transformations — all 

' appearing as primary, first class constraints on phase space. The formalism encompasses the 

standard coordinate frame and vielbein approaches to general relativity, and the constraint 
' algebra derived herein reproduces known results in either limit. 

i> ■ 
<N : 

I. Introduction 

m . 

I A recent review of actions for general relativity (GR) Q describes formulations in coordinate 

' and (orthogonal) vielbein frames from variations of Einstein-Hilbert and Einstein-Palatini ac- 
! tions. Notably absent is an action that encompasses both of these cases. Such an action 
' possesses the full general linear group invariance, as well as the usual diffeomorphism invari- 
. ance, allowing the "limit" to orthogonal vielbein and coordinate frame approaches as different 
Q>^ I choices of gauge. This structure is represented on the full arbitrariness of the choice of vielbein 
' (16 functions) as well as those of the spacetime metric (10 functions). That one can construct 
Q^i such an action is perhaps no surprise |^], however we will also construct a Hamiltonian for 
5^ I the system in which the spatial GL(3,M) invariance is represented by infinitesimal generators 
bX)' on phase space. The resulting constraint algebra is derived, complete with conditions that 
^ i determine surface contributions that guarantee that the field equations of GR follow properly 
from the Hamiltonian |^]. 

As is always the case in such constructions, the Hamiltonian is far from unique. We will 
I instead be focusing on the combined algebra of infinitesimal diffeomorphisms and GL(3,M) 
transformations which is uniquely determined once the parameterization of phase space and 
the action of the generators is fixed. In an earlier work Q this algebra was derived through 
a generalization of the geometric argument of Teitelboim |5|, |6[, which led to a "derivation" 
of canonical GR This generalized algebra has appeared previously in the examination of 
(orthonormal) tetrad GR |^ and here we extend this type of analysis to the more general 
case, including an arbitrary tetrad as well as metric degrees of freedom. 

It is noteworthy that we are not attempting to implement the full set of GL(4, M) genera- 
tors [P, |l^, nor the full set of spacetime diffeomorphisms |11, 12 1 — instead we view the problem 



X 



as purely geometrodynamic. Initial data consisting of the components of the spatial metric and 
vielbein that satisfies the constraints are given on the initial hypersurface, we determine the 
infinitesimal transformations of this data that lead to an equivalent physical problem (frame 
rotations and spatial diffeomorphisms), and then determine the conditions on the generator 
of time evolution that guarantee that the evolution of the system is consistent with spacetime 
diffeomorphism invariance. 

Inevitably we end up with a system with a higher degree of redundancy (30 phase space 
degrees of freedom and 13 primary, first class constraints) and the possibility of new choices of 



Date: February 7, 2008. 

PACS: 04.20.Fy, 02.40.-k, ll.lO.Ef. 



1 



CANONICAL GENERAL RELATIVITY 



2 



gauge that are useful for numerical relativity exists; this will not be considered in this work. Ul- 
timately we are interested in exploring the relationship between diffeomorphism invariance, the 
strong equivalence principle, and the evolution of quantum systems. In particular, whether it 
is possible to specify some type of quantum evolution that respects diffeomorphism invariance 
without the need to introduce an (approximate) timelike killing vector as is usually neces- 
sary ll^, We would also like to quantify the non- invariance of the conventional curved 
spacetime field theory, towards an understanding of which results may survive in a more fun- 
damental theory based on the strong equivalence principle, and which depend on a choice of 
frame. 



II. The General Frame Construction 

The natural setting for this work is the space of moving (vielbein) frames above a manifold 
M, that is, the space of smooth assignments of a frame of reference above each point, equivalent 
to smooth sections of the general linear frame bundle GLM. Physical fields erected above M 
(the metric, curvature, matter fields, etc ... ) are then associated to this bundle through 
some representation of GL(n,]R), and components may be defined in terms of said frame. 
Standard presentations of classical general relativity often adopt coordinate (or holonomic) 
frames from the outset, introducing moving (or vielbein) frames as a 'generalized' concept in 
Riemannian geometry. Even when such frames are given equal footing with holonomic frames, 
in the variational principle, coordinate components are once again given precedence. In order 
to demonstrate that this is unnecessary, we proceed to review some results from Riemannian 
geometry in a general linear frame. 



II-A. Moving Frames. A moving frame {ca} above a point in M will be written in terms of a 
particular coordinate frame as ca '■= E^A^ii and the coframe that is dual to it as 9^ := E^^dx^, 
where the duality relation ^"^[eg] = i^ipliss that the vielbeins satisfy E^aE^u = 5u and 
E^bE"^^ = 5^. In this section we consider frames that are chosen to be a smooth section of 



the general linear frame bundle GLM, however in Section |II| we will consider spatial frames 
defined by Ca '■= E^adi, where di are the partial derivatives with respect to coordinates on a 
spatial hypersurface. 

The volume form in a linear frame is given by ||l5| 

*1= [ A 0^ A ^2 A ^3 = / d^x ^/ME, (1) 

M Jm Jm 

the last of which will be used here. Using compatibility and vanishing torsion. Gauss' law 
takes the form 

[ dxE^VA[V]^= f dxd^[E%V^]= f dS^,E%V^= [ dSAV^, (2) 

JR JR JdR JdR 

where the surface measure is defined in terms of the normal vector to the boundary dR of 
the region i? C M by Sa '■= *'i-[n]A- We have also made the definition T := ET for tensors 
weighted by the vielbein density E := det[i?"^^], and T := ^/\g\T for tensors weighted by the 
spatial metric density \/|g[ := y^jdet [gAs]!- 

Under the change of frame determined by M'^b £ GL(n,M), the frame and coframe trans- 
form as (9^ -^9^ = M^a9^, eA-^eB = baIM-Vb, where M^cl^f-^Ps = |M-Vc^*^s = 
5^, and similarly for the components of tensors. From the infinitesimal forms M^b = ^b'^'^^b, 
and |M~^|"^^ = ^b ~ ^^B, we define the generators A^^ of g[(n,M), acting, for example, on 
vectors, covectors and both types of density as 

A^[r]A = -uj^'aTb, A^[r]^ = a;^Br^, A^[^] = -co^aVi, ^c.[E] = lo^aE, (3) 
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where Co represents the matrix uj^b G GL(n,M). These generators satisfy the Lie algebra of 
gl(n,R) given by the matrix commutator ||l^ 

[A^„A^,] = -Aj^^;^^p (4) 

where [^1,^2]^ := u:^^ c^^"" b - ^i%^2^ c ■ 

Once one has a definition of parallel transport, the covariant derivative operator is defined. 
We will assume that it acts on the components of tensors as, for example Vyi[F]^ = eA[V^] + 
T^^V'-' , and we may then define what it means for the components of the metric gAB to be 
compatible with this connection: 

^aIsIbc = eA[gBc] - Sdc'^ab - Sbd^ac = 0- (5) 



From the non-holonomic nature of the frame {ca} we have the structure constants |17] 

[eA,eB] = CAB^ec, Cab^ = ^^^(e^i^^u] - ebI^^a]), (6) 

and the vanishing of the torsion tensor T{X,Y) := Vx[Y] - Vy[X] - [X,Y] {Vx ■= X'^Va 
and [^,1"] := <£j>c[y]) results in the following relationship between ^^c] structure 
constants 

Tbc = 2r[^q ~ Cbc"^ = 0. (7) 

Throughout we denote (anti-)symmetrization by [] and () respectively, i.e., T^ab] •= ^{Tab — 
Tba) and Tf^AB) ■= \{Tab + Tba)- This, combined with (^), allows an explicit solution of T^^^^ 
in terms of metric and vielbein components 

Tbc = ^g^^(eij[gcD] + ec[gDB] - eolgBc]) 

+ Ig^"" {gBECDc'^ + gCECDB^') + \CbC^. (8) 

a combination of the standard coordinate frame and orthogonal frame results. We will also 
require the contraction of the Riemann curvature tensor: R^bcd = ^cI^db] ~ ^dI^cb] + 
rg^r^^; - T^B^DE - CcD^^^B to the Ricci tensor: 

RaB ■■= eci^BA] - eBi^CA] + ^BA^CD " ^CA^BD " C'cB^rg^. (9) 

II-B. The Einstein-Hilbert Action in a General Linear Frame. A direct translation of 
the action for GR results in (we use 167rG = c = 1 throughout) 

i:- /iZ\„AB - 



Sgu = - d^xi^Vlglg ^AB, (10) 

Jm 

where the spacetime is now described by a section of Rienif^ x GZM, namely, a Riemannian 
metric and non-degenerate linear frame above M. 

In a variation of the connection coefficients in Rab {i.e., not considering the variation of 
the structure constant in the definition (^)) we find that 6rRAB = Vc[<5r]BA ~ ^^['^-'^IcA' 

^A 

(BC) 

compatibility conditions (g) 



therefore treating the components ^fnf^\ as independent leads via a Palatini variation to the 



i^fv,,[g]^^-Ve,[g](^^5^!V0. (11) 



°^ (AB) 

Note that the action is not set up to generate the torsion- free conditions (0), instead the 
variations (^Tj^^j must be determined in terms of the vielbein degrees of freedom using (^) and 
the variation of (^): 

6Cab^ = Va [E^f.dE^^B] - Vb [E^i^SE'^a] + 6E^'AE''^r%^ - dE^' bE'' ^T^i.^. (12) 
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To perform the Einstein-Hilbert variation, requires the variation of (^) 

+ ^ Vc [g^^^gDB - E^^SE^B - g^'^'gEEE^^dE^^n] (13) 

- ig^^Vz) [5gBC - gBEE^'^dE^'c - gCEE^^SE^^B] , 

where we note that the presence of the first term, although implying that ST^q is no longer 
a tensor, is precisely what guarantees that the variation of a covariant derivative will remain 
covariant. 

The variation of ( |lO|) will be performed by treating the densitized components of the inverse 
metric g"^^ and the frame degrees of freedom Ej^j^ as independent variables, using 

SR = Eab^s'^'' + [2R^bE''^ - ^^RE^^] 5E% - EVaVb [SS^""] , (14) 

where -55^^ := (5g^^ + g^^ 5 + 2g'^'=^ E^ f,6E^'c - 2g^^ E^ ^SEi'c- In computing this we 
have left the dimensionality n of spacetime arbitrary and noted that S^/—g = gAB^^g'^^/(?^ — 2) 
and dE = E'^^6E''J{n - 1). Discarding surface terms we find 

^ = Rab = 0, ^^=2R\e\-^,RE\ = 0, (15) 

which are Einstein's equations in empty spacetime. The equivalence of the variational results 
from the metric and vielbein degrees of freedom is expected algebraically due to an argument 



by Floreanini and Percacci |10|, and also since we know that Einstein's equations are covariant 
under frame transformations. This variational principle is actually a specific case of the more 
general formalism that includes affine frames, non-metricity and torsion that appears in |^. 

III. Hamiltonian Formalism 

We turn now to the construction of a Hamiltonian formalism for the system, much of which 
is a straightforward application of the Bergmann-Dirac procedure for constrained systems 
described in detail in [^] (which we will follow). In order to consider the initial value problem, 
we must consider the embedding of a family of non-overlapping, spacelike hypersurfaces St 
that foliate M, labelled by some choice of time parameter. The geometry of this scenario has 
been considered extensively by Kuchaf [|l9|; here we will merely give results that will be of 
some use in this work, ignoring global issues (other than the addition of surface contributions 
to the Hamiltonian) and assuming in all cases that a global section of the frame bundle GLM. 
exists. 

III-A. The Surface- Adapted Basis. The spacetime metric (and inverse, respectively) may 
be put in surface-normal form (note the —2 signature of the spacetime metric) 

g = e^(g)e^- jabO^ e\ g-^ = - j^'^ea Cb, (16) 

where the frame and its dual coframe are given by 

e± = jjdt-^ea, ea = E\di, = Ndt, 6'' = N'^dt + E\dx\ (17) 

The atlas fields N and A^*^ (the lapse function and shift vector respectively) play the same 



geometric role as that assigned to them in coordinate frame work |2C, 18 1, namely, the shift 
vector is the projection of the spacetime vector field that describes the 'fiow of coordinate 
time' parallel to S, and the lapse function the normal projection. (Note that they may either 
be thought of as a reparameterization of the spacetime metric, or as the E^q components of 
the vielbein in a gauge where E^i = in tetrad GR.) The only alteration of this conventional 
picture is that A" are the components of the shift vector in the frame {ca} above S. It 
is straightforward to see that £'^^-*Y^lg[ = where we distinguish here between the 

four-dimensional determinant E^^^ and from now on write E := det E'^i as representing the 
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determinant of the spatial vielbein. We will also refer to a spatial vector as, for example 
For this surface-adapted frame we find the non-vanishing structure constants from (^) 



[ea, Cfe] = Cab'ec, [e±, ea] = C^a^e±_ + C^a^ei,, C_La^ = ea[lniV], (18a) 
Cab' = E-,{ea[E\] - e,[E\]) , C^a' = + ^Cac' + ^E\dt[E\]. (18b) 



Taking perpendicular and parallel projections of the compatibility conditions (^) results in 
= = 0, := a^, = a-^ := r'at, r^, := Kab, = K\ := r'K,, and the 
surface compatibility conditions Va[7]ftc = 0, where is the covariant derivative operator de- 
fined on E. The remaining compatibility condition gives the relationship between the extrinsic 
curvature and the time derivatives of the metric and vielbein degrees of freedom 

dt hab] - 27(ac^'^5t [E\^] - 2NKab -£j^[^]ab = Q- (19) 

The projections of (0) (Tf^, T^, TJj,, and T^" respectively) result in Oa = ea[lniV], K^^b] = 0, 
= ET^b -|- C_Lfc° and r^^^j = Che"" , which completes the generalization of the results of |p^ . 
The projected components of the Ricci tensor (^) that will appear in the surface reduction 
of (p^ ) are (the operator d^ is defined in the following section) 

R±\ = + VaH" + a'^aa - K\K\, (20a) 

R^ab = Rab + d± [K]ab " V(6 [a]„) - a^Ob + KKab - 2KacK%, (20b) 

where K := K"'a and we have written R^^^ to indicate the projected spacetime Ricci tensor 
and Rab the intrinsically defined spatial Ricci tensor. 

III-B. Surface- Adapted Derivatives. In order to consider the representation of diffeomor- 
phisms in a frame where the metric is non-dynamical (or prescribed in some manner), we need 
to consider in some detail the representation of spatial diffeomorphisms. The usual Lie action 
of an infinitesimal diffeomorphism of S to itself generated by a vector field X may be written 
in an arbitrary frame as 

■^xi^mn---] X^^rnn— ~ ^VX^^mn—i (21a) 

which is also applicable to densities: £x[y/^] = Va[X]'*. In this form the outcome of the 
diffeomorphism is represented on the components of tensors as the sum of a covariant derivative 
:= X'^Va and a spatial frame rotation [VX]°^ := Vb[X]"; in this case the frame is 
unaffected: i^j^[ea] = 0. 

This structure is not necessary, and while appropriate for considering a fixed frame, it is 
inappropriate for considering diffeomorphisms when constrained to an orthonormal frame since 
£jl["y\ab = 7^ 0. Instead one may define a Lie action that operates on both the frame 

and tensor components as 

4[eJ = A^-^[e,] = -Va[X]'>e,, 4[Cf = Vx[T]^f .., (21b) 

so that when the action on a tensor (not just the components) is considered, one finds the same 
result as ( |21a| ). This representation is more appropriate for considering orthonormal frames 
since the action of £' on the components of the metric £^[7]afe = x[l\ab vanishes due to 
compatibility. This is similar to how parallel transport in a principle bundle is transferred to 



associated bundles [17 1 since one could just as easily define the covariant derivative to act as 
^xlTmn^.] = X'^Ca^n^.], and V ^[ca] = X^Tl^ec- This we do not pursue since the resulting 
action is not covariant with respect to general linear frame transformations when acting on 
frame or tensorial components separately. 
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Similarly, the definition of the derivative off of S that is surface-covariant is defined to act 
on the components of tensors as [jTsj 



d±[Ct.] := e±[Cf ..] + ^cjTCn-, (22) 

where C± is the matrix with components C±a^ defined in (|l8|). This operator defines the de- 
rivative normal to S that 'follows' the vielbein (since d^[S*a] = by definition), and describes 
the evolution of all quantities in terms of the original frame. (Note that the definition of C±a^ 
involves time derivatives of the frame.) 

As with the case of the Lie derivative, we may also consider the opposite case, namely where 
the normal derivative is defined so that the metric does not 'evolve' and the frame does. Let 
us introduce an operator that allows a more general evolution of the vielbein 

d'AE\] ■■= e^[E\] + Af,jE\] = e^[E\] - D^.^E^, (23) 

where D± is determined by requiring that d'^[T^^.'..ea 55 e;, • • • 6*™ (8i 0" • • • ] = d±[Tf^^.'..ea ® 
efc • • • 9'^ 6"" ■ ■ ■] (so that the operators act on tensors in an identical manner) . We find that 
the action of d^ on the components of a tensor must be given by 

d'^[T^tJ=e±[Ct.] + Ac^[Ct.], where C'^t" ■■= C^b"" - D^b"" + E%e^[E%]. (24) 

If we now require that d^[7]af, = (so that the normal derivative operator does not affect the 
components of the metric) then we may choose 

D±b^ = -^l^'dthbc] + ^e^m - l^N'^E\eb[E\], (25) 

and therefore C^j," = —^J°''^e±['jbc]- (This is far from unique since any choice of -D_|_[„b] will 
result in d^[7]af, = 0, however we have chosen what we consider to be a 'simplest choice' 
which corresponds to the operator considered in Section 1II-C| as well as Q.) In terms of these 



operators, the compatibility condition (|T^) takes on either of the two forms 

d^b]ab = 2Kab, or E''.,d'^[E'b] = -K\. (26) 

Note that the total time derivative operators dt = Nd± + £j^ and d^ = Nd'^ + £'^, correspond 
to the definition of the total derivative of the tensor, and are not equivalent to the time 
derivative of the components. For example: df[X'^ea] = djfX'^ea] = dtlX^-ea] / dt[X"']ea- 

III-C. The Hamiltonian. From the results of the previous two sections, the GR action ( |To|) 
is reduced to 

ScR = J dt j^(i^xN[d^[K]+^''^di_[K]ab-2{Va[aT + a''aa) + R + K^ -K\K\). (27) 

Using compatibility we find that Va[a]" + a^fla = {l"'^^ h[N\) / ^ is a surface term in the 
action which will be dropped, and furthermore that 

N{d^[K] + 7"'d^[ir]afe) = 2dt[K] - {K,, + 7afe^)5t[7"'] - 2K\E''idt[E\] 

I. u (28) 

- 2N''\7a[K] - 2EVa[K''bN^] + 2N''Vb[K]\. 

Dropping the total time derivative and writing Sqr = J dtLQR, the Lagrangian is given by 
LcR = f d^x \-{K^, + ^abK)dt[Y'] - 2K\E\dt[E\] 

+ N{R + K^ -K\K\)+2N\Vb[K]\-Va[K])\. (29) 

In this form the Lagrangian is most easily treated in Palatini form, that is, by considering the 
extrinsic curvature Kab as a tensor of Lagrange multipliers that enforce ([l^) . The configuration 
of the system at any instant in time is described by a section of Riemj] x GLT,, however due 
to the form of (p9|) it is convenient to choose instead the densitized canonical coordinates 7"'' 
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and E^a^ so we are considering sections of RierriY. x GLT, . Determining the conjugate 
momenta via 

11.^ - 1^ = + la^K), := ^ = -2K\E\, (30) 

the set of canonical coordinate-momentum pairs is 

{iQ',Pl)}:={iY\Eal,),iE\,p\)}, (31) 

corresponding to the phase space T* (^Riem^ x GLTj ). From the canonical symplectic form on 
this phase space comes the standard form of the Poisson bracket 

{F, G} := 1^ d'x ^ - -A^-i^) , (32) 

where F and G are functions of the phase space variables. (The results herein could be 
globalized along the lines of [21| in which case we would introduce the related weak symplectic 
form on phase space, however a local treatment is sufficient for this work.) In addition to 
the phase space coordinates we have the Lagrange multipliers (iV, A^'^, A^%, K^ft, A°*) and the 
Hamiltonian determined from Hqj^ = dx Pi — Lq^ is written as 

Wgr = A"^^ {K,h - akab - (1 - a)C) + N\J\ 

+ N{-R + K\K\ - K^) + 2iV'^Vb [-K\ + 6iK] , 

where we have defined 

Kb-=-{T^ab-\lahT^), Kb ■= -lliacP" iE\). (34) 

The tensor of constraints enforced by N°'i) (defining the scalars vr := ^""^T^ab ^-nd p := p°'^E^a)'- 

J\ ■■= 27"%c - 2LSt - P\E\ + p5t, (35) 

guarantee the consistency of (^0|), and are uniquely specified by the requirement that they 
generate infinitesimal 0[(3, M) frame rotations on phase space. It is straightforward to show 
that 

= ^^[ir\ [TLab.JW^'c]] = ^^kU, (36a) 

{E\,j\[u;%]} = A^[F'J, {p\,j\[u,%]} = A^[p^], (36b) 

where the infinitesimal GL(3,M) frame rotations Aj) are defined in (^), and we have made use 
of the notation, for example J^^i^'^b] '■= Jy,'^^^ ^°'b>7"^„- These generators (the phase space 
representation of A^ of 0]) satisfy the 0[(3,M) Lie algebra 

{j\^j:d[^'c]} = ^^[j]\, (37) 

strongly on phase space. This differs from (^) by a sign due to the fact that the operator A 
acts from the left while {-^J} acts from the right. It is important to note that J""^ is not 
a symmetric tensor of constraints, in fact it is precisely the antisymmetric components that 
generate S0(3) rotations in a local orthonormal frame. 

The constraints imposed by A"* explicitly relate the extrinsic curvature to the conjugate 
momenta through 

Kab ~ dkab + (1 - a)A;^fe, (38) 

and in the form given, the variation of ( |3^ ) with respect to Kab would then determine A"^ in 
terms of the other Lagrange multipliers as \ab ~ — 2A^(-fCa6— 7afe-f^)— 2(V(a[A^]fe)— 7a6Vc[-/V]^). It 
is rather inconvenient to carry around the Lagrange multipliers Kah and A*^^ solely to deal with 
the ambiguity in determining Kab from the conjugate momenta. This may be circumvented in 
a simple manner. 

When passing to the Hamiltonian Hq^ we may replace each occurrence of the extrinsic 
curvature in the Hamiltonian with some combination of the canonical momenta consistent 
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with (p^, with the result that the only place K^b will occur is in the constraint enforced by 
A"^. The variation of Kab will then enforce A"^ « 0, and neither Kab nor A"'' will play any 
further role in the Hamiltonian system. Therefore this term may be consistently dropped from 
the Hamiltonian and these Lagrange multipliers are removed. The Hamiltonian determined 
in this way is identical to that which would occur if one had replaced the extrinsic curvature 
by (|19|) in the Lagrangian (^). In this way we see that the GR Hamiltonian can always be 
written as 



(39a) 



HcK = [ d?x{Nn + N^Ua + N\J\) + ^GR, 

where in the Hamiltonian and momentum constraints 

U-=-R + E{K\K\-K^), Ua-=-'^EVb[K\-5iKl (39b) 



Kab represents some linear combination of kab and k'^^^ consistent with (| 

In order for these field equations to properly follow from the Hamiltonian, it was necessary 
to add the surface contributions Eq^i to the Hamiltonian ( p9aD , which are required to satisfy 

5Sgr + 5ij + 5fc = (40a) 
in order for the field equations to be properly recovered from the Hamiltonian, where 

Sr ■■= I dSa (A^Vb[(^5"^] - V;,[iV]55''»), (40b) 

JdT. 

comes from the variations of the surface Ricci curvature term, and {Hab '■= —"^{Kab — jabK), 
and Kab is again determined in terms of kab and A;^^) 



5fe : = - i / dSaN^H'^'d^bc + [ dSaN'5H\ 

JdS JdT, 

+ / dSa [N^H^bE^ - N^H^bE^i + N^H^E^i + NbH''^E\] 5E\ 

JdT. 



(40c) 



IdT. 

comes from variations of the momentum constraint. 



III-D. The Constraint Algebras. In this section we will consider two choices of the diffeo- 
morphism constraints. First we will choose 2i and l-Lg to act on phase space as the operators 



£ and dj_ from Section III-B, and refer to the Hamiltonian constructed from these as Hq^. 
This corresponds to a = 1 in (|38|), and Kab is replaced everywhere by kab in ( |39| ) and (^0[). 
This choice will closely resemble the coordinate approach to canonical GR and has a straight- 
forward coordinate frame gauge reduction. Since these constraints have a nontrivial action on 
the spatial metric, it is nontrivial to recover the limit where only orthonormal spatial vielbeins 
are considered. This is instead accomplished by considering a second set of generators 7Y' and 
2ia which act on phase space as £' and d^ from Sectio n |III-B| , and a second Hamiltonian 
H'q^ is defined by attaching primes to the constraints in (|39|). In this scheme Kab is replaced 
everywhere by k'^^ (corresponding to a = 0), and there is also mixing between the GL(3,M) 
constraints and the Momentum constraint appearing in (^). This second system will have 
a straightforward reduction to canonical vierbein GR, however the specialization to spatial 
coordinate frames is nontrivial. 

The Hamiltonian Hq^^ is constructed from (^) and the operators that act on phase space 
as d_L and £ respectively: 

U =-R + E {k''bk\ - , (41a) 
2ia ■■ = ^;Vb[27^=7r,e - 5^vr] = -2EVb[k\ - S^k]. (41b) 
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From these we compute 

{i''\mn] = £fbf\ {TLab.'Hc[n] = E£f{KU {^^,kj/i} = o, (42a) 

[p^.mn] = -EMrm - ^tru,) + i?^£.[27-7rfe, - i^v] ^ e\£Ap-jE\i (42b) 



and (defining := 7"^VaV 



b) 

{Y\mf]} = -f{'^k''''-l'"'k), {E\,n[f]}=0, (43a) 

{iLabMf]} = -E{VaVt[f] + labV^if]) + f Rab 

- l{2kack% + kkab - labk") + hab {k^'dh'^c " k^) , (43b) 

{p\,mf]} = -2E\Y'ycyb[f] + fE\r''{'2Rcb - hcbR) 

+ \E\f{k'dk''c-k'). (43c) 

It is straightforward to check from these that {kab^JlLi^]] ^ ~^Rab + ^.Nkack'^b — Nkkab + 
VaVb[A^], and we therefore reproduce the field equations (|20b| ) . We also find (using ( 43aD ) 
that {7ab,2i[-^]} = 2Nkab, reproducing the dynamical compatibility condition (|T^ ) or, equiv- 
alently, (|6|). 

Using the above results we compute the constraint algebra 

{n,J\[u;\]} = 0, {n„j\[u;%]} = A^[H]a, (44a) 

{mf],m9]] = I {fVa[g]-gVa[f])m, (44b) 

{mAUAg"]] = [ d'xf£g[H], (44c) 

{2ia[n2iam}= I d'xr£g[n]a, (44d) 

Jt. ~ 

which, in the limit of a spatial coordinate frame {E^a = ^a), agrees with the Dirac algebra 

The Hamiltonian is constructed from (^) and the operators that act on phase space 
as d'j_ and £' respectively: 

?i' : = -R + E{k'\k'\ - k'') =n + k'^,J-' - liJ^'^'^^J^,,^ - kJ^aJ\), (45a) 
: = EVb[p\E\ - S',p] = -2EVbW\ " S^k'] + EjabyciJ]^'"^ = - EVb[J]\, (45b) 

where we have indicated the relationship between these primed constraints and the unprimed 
constraints in (|ll). Note that in (g5b|) there is a nontrivial mixing of the GL(3,M) constraints 
and the momentum constraint as it appears in (|39|). These act as 



{Y\2iL[n} = 0, {E\,2i:Ar]} = A^~^[E\], (46a) 

{iLab^Wcin] = E{Vab[f] - 7abV%[f]) « £'^inU, (46b) 

{p\,n'An} = Av7[p^] + E\U\[f] - \E\U\[f] « £'^p\], (46c) 

where {H°-b '■= P"'iE% — <5^p) 

Vabif] ■■ = \yVaHcb + fcHab " faHbcl (47a) 

U\[f\ : = Vb[frH\ + 7MVe [rn'^'^^^] - jbdVc [r//('='^)] + Vc [hH^^''^] , (47b) 
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and 



{r^mf]} = 0, {E\,2i/[f]} = fAy[E\], (48a) 
{2Lab,2i'[f]} = -E{VaVb[f] + 7afeV2[/]) ^ f R^^ + fy^,{k"' ^k"" c " k'"") , (48b) 

+ f{k'\ - 5tk')p\ + \fE\{k",k'\ - k"). (48c) 
Here we find that (46a) reproduces ( |2^ ) and that ( pObD is satisfied when written in terms of 



the operator d'j^ 

Using these results we compute the primed constraint algebra: 

{U',J\[^\]} = 0, {2iL,j\[u^%]} = A^mX, (49a) 

= / d'x ifVaig] - gVaif]) (I'^'m - i?V,[J^]H), (49b) 

{U'ainU'am} =- I d'xrg'W.a.J^, (49d) 

which, when specialized to an orthonormal spatial frame (7^6 = 5ab)^ is equivalent to that 
in ii- 

These strong results agree with [Q] up to the overall sign attributable to the fact that we are 
considering a right (Poisson) action in this work, whereas in Q we derived the left action 
(Due to an unfortunate typesetting error, the left hand sides of equations (28b-e) of Q should 
read [Aaa;,Aj^], [(5n2:,Ay], [(JnxjAay], and [(^ax,Ay] respectively. Also note the rather obvious 
typo in the last line of (10), which should read ^ b[k]c — Z"''^^ d[k]bc-) Either of the algebras (^ 
or (^) is a local representation of the Lie algebra LDzjff qM (the connected component since 
the exponential map is not onto) of the spacetime diffeomorphism group DiffM.. Note that 
although they were derived from a (3 + 1) action, that algebras are valid in any dimension. 

The Hamiltonian Hq^i generates the weak evolution equations 

W] = {Y\ Ha,} ^A^hr'^ + £^[7]'^'' - NA~^[jr\ (50a) 
dt[E\] = {E\,Han} ^Aj^lgj, (50b) 
dtkab] = {Kab, Hon} ^A^kU + EX^kU - i?(V,V,[iV] + ^abV^[N]) 

+ NR^i, - NE{2kack'b + kkab) + NEjabk'dk'^c (50c) 
dt[p%] = {p\, Ho^} ^Aj^[p\] - 2E\£^[k\] - 2E\-(-^V,V,[N] + 2NE\Y^R,,. (50d) 
Using metric compatibility, (50a) may be written as 



A^[7r, where uj\ = N\ -V,[Nf - Nk\, (51) 

which is consistent with the easily verified result (noting that J7(ab) ~ is equivalent to kab ~ 
k'^^ that the weak evolution equations for the primed system with Hamiltonian written as 
H'cn = /s {^'Hl + ^'"HL + ^'"bJ^) is equivalent to inserting 

N = N', = N"", iV"b = N'^'b + Vfe[iV']" + N'k^b, (52) 

in (|50|). In either of these formulations, the system is parameterized by the 30 fields (|3l|), with 
13 primary, first-class constraints (J7"°^ with either 7i and Ti^, or Ti! ^-nd Tiq), and the 13 
associated Atlas Lagrange multiplier fields {N, N"" and A^^b), so that we find two configuration 
space degrees of freedom per spacetime point as expected |Q. 

Beginning from the weak evolution equations (|50|), choosing A^^^ ~ results in a system 
in which the spatial vielbeins do not evolve, and solving the GL(3, M) constraints by choosing 
E''i{2^°-'^iTi,c— ^S^T^) we can consider the evolution of {'y"'^,Kab) sector exclusively. Instead 
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choosing A^'";, = 0, we find a system in which 7'*'' does not evolve and one may play the opposite 
game, solving the GL(3,M) constraints by -iTab ~ \lac{p'^iE^b + ^Ip) ^'^'^ consider the evolution 
of {p"'i, a) ■ Note that from (51) one need only require that 

in order to find a system in which the metric degrees of freedom do not evolve, allowing other 
gauge choices in this case. 

One may treat any choice of initial data in either of these two ways. By transforming the 
initial data by defined so that A^[S*a] = (5* (which is uniquely determined from the inverse 
as = E°'i), we transform the initial data to a physically equivalent set for which the frame 
is holonomic. If instead we make a choice of u such that A^[7]"^ = 6°"^ (u) is defined only 
up to arbitrary spatial rotations which are generated by J^^""^^) we may diagonalize the spatial 
metric. 



IV. Conclusions 

We have shown that by treating the components of the metric and the frame on an equal 
footing we not only have a consistent variational principle, but the generalized setting encom- 
passes both the coordinate and orthonormal frame approaches via a choice of gauge. From the 
Einstein-Hilbert action for general relativity we have derived a Hamiltonian in the (extended) 
standard form Hqr = fj. dx (NTi + NnTi^ + N^-^J'^^) , where 2i. ^^'^ llLa ^^^^ the generators 
(of the connected component) of spacetime diffeomorphisms, and J7"°^ are the generators of 
0[(3,M) which generate infinitesimal changes of frame on the spatial hypersurface S. The re- 
sulting constraint algebra was computed and found to be in agreement with the algebra derived 
by purely geometric means in Q. This generalized setting allows a straightforward treatment 
of fermions in a canonical setting (work in progress) , where the primed constraints and algebra 
naturally appear. 
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